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\ Abstract. This paper is an extension of [K-L] . In this paper, we will study the blowup 

behavior of a surface sequence immersed in K" with bounded Willmore functional and fixed 

O genus g. We will prove that, we can decompose into finitely many parts: 
m 

Q ■ = u EL 

' and find p], G E^ AJj G R, such that ^''^i^'^ converges locally in the sense of varifolds to a 

complete branched immersed surface E^ with 

^ ' The basic tool we use in this paper is a generalized convergence theorem of F. Helein. 
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0\ ■ 1. Introduction 

o : 

For an immersed surface f : T, ^ R" the Willmore functional is defined by 

W{f) = - j \Hf\'df,f, 
', -'^ 
■ where Hj = ^gjf denotes the mean curvature vector of /, gf = f*geuc the pull-back metric 

5^ \ and the induced area measure on S. This functional first appeared in the papers of Blaschke 

[Bl] and Thomsen and was reinvented and popularized by Willmore |W| . 

We denote the infimum of Willmore functional of immersed surfaces of genus p by /3p . We 
have /3p > 47r by Gauss-Bonnet formula, and /3p < Svr as observed by Pinkall and Kusner [K] 
independently. Willmore conjectured that /3" is attained by Clifford torus. This conjecture is 
still open. 

Given a surface sequence with bounded Willmore functional and measure, we are particularly 
interested to know what the limit looks like? In other words, we expect to understand the blowup 
behavior of such a surface sequence. It is very important as we meet blowup almost everywhere 
in the study of Willmore functional. For example, if T,t is a Willmore flow defined on [0, T), 
then by e-regularity proved in |K-S| . /^^nSt 1^*1^ < ^ implies || V^yl* ||ioo(5p nE*) < C{m,p). 
Then Sf converges smoothly in any compact subset of M" minus the concentration points set 
which is defined by 



<S = {p € M" : lim liminf / UjP > 0| 

^^0 t^T JB,.{p)nSt 



2 



YUXIANG LI 



So, if we want to have a good knowledge of Willmore flow, we have to learn the behavior, 
especially the structure of the bubble trees of Sf near the concentration points. 

Note that W{fk) < C implies Jj. {Af^l'^dfik < C One expects that ||/fc||^2,2 is equivalent 
to J \Ak\'^dfik = / 9k 9k"^AikAjm\/\gk\dx. However, it is not always true. One reason is that 
the diffeomorphism group of a surface is extremely big. Therefore, even when an immersion 
sequence fk converges smoothly, we can easily find a diffeomorphism sequence (pk such that 
fk ° 4^k will not converge. Moreover, the Sobolev embedding VF^'^^ ^ is invalid when g = 1, 
so that it is impossible to estimate the norms of g~^^ and gk via the Sobolev inequalities 
directly. 

To overcome these difficulties, an approximate decomposition lemma was used by L. Simon 
when he proved the existence of the minimizer [S]. He proved that (3^ can be attained if p = 1 
or 

(1.1) p > 1, and ^l<iJ; = min {47r + - 47r) : = 1 < < p}. 

i i 

Then Bauer and Kuwert proved that (jl.ip is always true, thus /3p can be attained for any -p and 
n |B-K] . Later, such a technique was extended by W. Minicozzi to get the minimizer of W on 
Lagrangian tori jMj, by Kuwert-Schatzle to get the minimizer of in a fixed conformal class 
|K-S3j . and by Schatzle to get the minimizer of W with boundary condition |Sh| . 

In a recent paper |K-L| . we presented a new approach. Given an immersion sequence /fc, 
we consider each as a conformal immersion of (S, /i^) in M", where is the smooth metric 
with Gaussian curvature ±1 or 0. On the one hand, the conformal diffeomorphism group of 
is very small. On the other hand, if we set gj^. = e'^'^'^geuc on an isothermal coordinate 
system, then we can estimate ||tifc||Loo from the compensated compactness property of Kf^e'^'^''. 
Thus we may get the upper boundary of ||/fc||iy2,2 via the equation Ah,,fk = Hf^. However, 
the compensated compactness only holds when the norm of the second fundamental form 
is small locally, thus the blowup analysis is needed here. Our basic tools are the following 2 
results: 

Theorem 1.1. [H] Let fk € W'^''^{D,M."') be a sequence of conformal immersions with induced 
metrics {gk)ij = e^"*^^, and assume 



JD 



|2 J ^ ^ J ^^"^ = 3, 

for n > 4. 



Assume also that iJLgi^{D) < C and /fc(0) = 0. Then fk is bounded in W^^^{D,W^), and there is 
a subsequence such that one of the following two alternatives holds: 

(a) Uk is bounded in L'^^{D) and fk converges weakly in wf^'^{D,W^) to a conformal im- 
mersion f G wf^liD^W). 

(b) Uk — > — oo and fk^O locally uniformly on D. 

Theorem 1.2. |D-Kj Let hk, ho be smooth Riemannian metrics on a surface M , such that hk — ?> 
/iQ in C*'"(M), where s E N, a € (0, 1). Then for each p & M there exist neighborhoods Uk, Uq 
and smooth conformal diffeomorphisms 'dk '■ D ^ Uk, such that ^k C*~*"^'"(-D, M). 

A VF^'^-conformal immersion is defined as follows: 

Definition 1.3. Let {T,,g) be a Riemann surface. A map f G Ty^'^(S, (7, M") is called a con- 
formal immersion, if the induced metric gf = df ® df is given by 

gf = e2«5 where u G 
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For a Riemann surface S the set of all W"^'"^ -conformal immersions is denoted by W'^gnf 9' 
When f e (S,g,]R") and u G L^,(S), we say f G ^^^,2^ 5, M"). 

Remark 1.4. F. Helein first proved Theorem \1.1\ is true for 7 < ^ [HI Theorem 5.1.1]. In 
|K-Lj ■ we show that the constant 7„ is optimal. 

Theorem 11.11 together with Theorem 11.21 give the convergence of a M^^'^-conformal sequence of 
{D,hii) in M" with hj. converging smoothly to Hq. 

Then using the theory of moduh space of Riemann surface, we proved in [K-Lj the following 

Theorem 1.5. [KTj Lei / G T^^'^^/S, /i^, M"). // 

(1-2) W{fk) <[^^~,t ^ . ^ " J , 5 > 0, 

then the conformal class sequence represented by h^ converges in AAp. 

In other words, ht converges to a metric /iq smoothly. This was also proved by T. Riviere [R] . 
Then up to Mobius transformations, fk will converge weakly in W^^^ (S\ {finite points}, /iq) to a 
/io)-conformal immersion. In this way, we give a new proof of the existence of minimizer 
of Willmore functional with fixed genus. 

(|1.2p also gives us a hint that, it is the degeneration of complex structure that makes the 
trouble for the convergence of an immersion sequence with 

(1.3) ^Ji{fk) + w{fk) < c. 

In |C-L| . the Hausdorff limit of {fk} with (jl.3p was studied, using conformal immersion as 
a tool. We proved that, the limit of /o is a conformal branched immersion from a stratified 
surface Soo into M". Briefly speaking, if (Sq, /iq) is the limit of (S, h^) in Aip, then f^ converges 
weakly in the W'^''^ sense in any component of Sq away from the blowup points 

S{fk) = {peD: lim liminf / \A{fk)fdfif, > Att}. 

Meanwhile, some bubble trees, which consist of W"^'"^ branched conformal immersions of S"^ in 
M" will appear. As a corollary, we get the following 

Proposition 1.6. |C-Lj Let fk '■ T, ^ M" be a sequence of smooth immersions with (jl.Sp . 
Assume the Hausdorff limit of /fc(5^) is not a union of W'^''^ branched conformal immersed 
spheres. Then the complex structure of Ck induced by fk diverges in the moduli space if and only 
if there are a seqence of closed curves ^k which are nontrivial in H^{T,), such that the length of 
fkilk) converges to 0. 

Thus, when the conformal class induced by fk diverges in the moduli space, topology will 
be lost. They are two reasons why the topology is lost. One reason is that Theorem 11.11 does 
not ensure the limit is an immersion on each component of Sq. If fk converges to a point in 
some components, then some topologies are taken away. The other reason is that on each collar 
which is conformal to Q{Tk) = x [—Tk,Tk] with Tk +00, there must exist a sequence 
tk G [—Tk,Tk] such that fk{S^ x {tk}) will shrink to a point. 

It is not easy to calculate how many topologies are lost, but it is indeed possible to find where 
Jj. Kf^dfif^ is lost. We have to study those bubbles which have nontrivial topologies but shrink 
to points. For this sake, we should check if those conformal immersion sequences which converge 
to points will converge to immersions after being rescaled: 
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Theorem 1.7. Let be a smooth connected Riemann surface without boundary, and flk CC S 
be domains with 

oo 

Oi c c • • • r^fc c • • • , 1^ rjj = E. 

i=l 

Let {hk} be a smooth metric sequence over S which converges to Hq in C;'^(S), and {fk} be a 
conformal immersion sequence of (Qk^hk) in satisfying 

1) Sifk) := {p € S : lim liminf /^^( I^P^M/, > 4^} = 0- 

2) fki^k) can be extended to a closed compact immersed surface S/^ with 



Take a curve 7 : [0, 1] T,, and set = diam fk{'y[0, 1]). Then we can find a subsequence of 
'^^^J^'^^^ which converges weakly in W^^^{T,) to an /o G W^^^^^j^^(S,M"). Further, we can find 
an inverse L = \yZy°\-i with j/o ^ /o(S) such that 



/ (l + l^/(/o)P)^A^/{/o) <+oo. 
Jt, 



When S is a compact closed surface minus finitely many points, /o may not be compact. 
However, by Removability of singularity (see Theorem 12.31 in section 2), /(/o) is a conformal 
branched immersion. Thus /o is complete. 

Definition 1.8. We call f a generalized limit of fk, if we can find a point xq ^ <S{ fk) and a 

positive sequence Xk which is equivalent to 1 or tends to 0, such that converges to f 

weakly in Wf^l{T. \S{fk))- 

Obviously, if / and /' are both generalized limits of fk, then / = A/' + b for some A and b. 
We will not distinguish between / and /'. 

Near the concentration points, we will get some bubbles. The divergence of complex structure 
also gives us some bubbles. In [C-L] . we only considered the bubbles with A^ = 1. In this paper, 
we will study the bubbles with A^ ^ which do not appear in the Hausdorff limit. All the 
bubbles can be considered as conformal branched immersions from C (or x M, S"^) into M". 
However, the structures of bubble trees here are much more complicated than those of harmonic 
maps. For example, there might exist infinite many bubbles here, therefore, we should neglect 
the bubbles which do not carry total Gauss curvature. 

Definition 1.9. We say a conformal branched immersion of x M into M" is trivial, if for 
any t, 

/ K ^ 2m7r + TT, for some m € Z. 
Js'^x{t} 

The bubble trees constructed in this paper consist of finitely many branches. Small branches 
are on the big branches level by level. Each branch consists of nontrivial bubbles, bubbles with 
concentration, and the first bubble (see definitions in Section 4). We can classify the bubbles 
into four types: Too, Tq, and Bq (see Definition 14. 2p . We will show that a Tq type bubble 
must follow a B^o type bubble, and a Too type bubble must follow a B^ type bubble. 

Moreover, we have total Gauss curvature identity. To state the total Gauss curvature identity 
precisely, we have to divide it into 3 cases. 

Hyperbolic case (genus> 1): Let Sq be the stable surface in Mg with nodal points 
M = {oi, • • • , a„i}. So is obtained by pinching some curves in a surface to points, thus \ A/" 
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can be divided into finitely many components Sq, • • • , Sq. For each Sq, we can extend Sq to a 
smooth closed Riemann surface Sq by adding a point at each puncture. Moreover, the complex 
structure of Sq can be extended smoothly to a complex structure of Sq. 

We say ho to be a hyperbolic structure on Sq if ho is a smooth complete metric on Sq \ A/" 
with finite volume and Gauss curvature —1. We define So(aj, S) to be the domain in Sq which 
satisfies 

Uj G T,o{aj,6), and injrad^^-^j^{p) < 5 Mp G So(aj,5) \ {flj}- 

We set /ig to be a smooth metric over Sq which is conformal to ho on Sq. We may assume h^ 
has curvature ±1 or curvature and measure 1. 

Now, we let be a sequence of compact Riemann surfaces of fixed genus g whose metrics 
hk have curvature —1, such that S^ Sq in Mg. Then, there exist a maximal collection 
Ffc = {7^, . . . ,7^} of pairwise disjoint, simply closed geodesies in Ti^ with = -^^(7^) — > 0, such 
that after passing to a subsequence the following hold: 

(1) There are maps ^ C'^(^fci^o)) such that ipj. : Sfc\rfc — t- T,q\M is diffeomorphic and 
'Pkili) =aj for j= l,...,m. 

(2) For the inverse diffeomorphisms V'fc : So\7V — )■ Sfc\rfc, we have ipl{hk) — > ho in C;'^(So\7V). 

(3) Let Cfc be the complex structure over S^, and cq be the complex structure over Sq \ A/". 
Then 

rkick)^co in Q~(So\AA). 

(4) For each 7^, there is a collar containing 7^, which is isometric to cylinder 

Vr^ TT^ ■ / 1 \ ^ 

Qi = S^ X ( — ^, ^), wi/i metric h{ = {dt^ + dO'^), 

P 1 2 2 

where 9k = arctan(sinh(-^)) + ^. Moreover, for any {9,t) G S x {—jf, -73-), we have 

'■k 'fe 

ft f 

(1.4) smh{injrads^{t,9))sm{^ + 9k) = sinh^. 

ZTT Z 

Let c/)-^ be the isometric between Qj^ and C/^. Then ip^ o(pj^{T^ +t, 9) U (^9^0 + t, 9) 
converges in C;'^^((— cxo, 0) U (0, 00)) to an isometric from x (— oo,0) U 5-"^ x (0,+oo) 
to So(aj, 1) \ {oj}. 

Items 1) and 2) in the above can be found in Proposition 5.1 in [Huj . The main part of 3) is 
just the collar Lemma. 

2 2 

Now, we consider a sequence fk € ^con/(^' ^k-,^^)-, with 

Kfk) + W{fk) < A. 

By Theorem 11.71 on each component Tj\, o tpk has a generalized limit /q G ^conf^'^k \ 
A^, /iq,M"), where is a finite set. We have the following 

Theorem 1.10. Let /\ f, ■■■ be all of the non-trivial bubbles of {fk} . Then 

Torus case: Let (S,/ifc) = C/{it,z), where \z\ > vr and [Rez| < ^. We can write 

{^,hk) = S^ X 
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where is the circle with perimeter 1 and = Z is the transformation group generahzed by 



{t,8) {t + ak,9 + Ok), where > ^ vr^ - 6*^, and Ok ^ [--,-]■ 

(Sfc, hk) diverges in A^i if and only if — )• +oo. 

Then any S W^^^j(S, /ifc, R"") can be lifted to a conformal immersion f'f^iS^xM.^ R"" 
with 

fk{t,9) = fl,{t + ak,e + ek). 

After translating, we may assume that fl{—t + ^,6) and f'j^{t — ^,6) have no concentrations. 
We let Afc = diamfl{S^ x^), then and wih converge to 

/o and /q respectively in Wf^'^{S^ x [0,+oo)). However, they can be glued together via 

^° \ /o2(t,0 + 0o) t>0, 
into a conformal immersion of S*^ x R in R", where = li™ 9^- Then we have 

Theorem 1.11. 

where f^, ■ ■ ■ , /"^ are all of the non-trivial bubbles of f'^. 

Sphere case: When S is the sphere, we can let hk = /lo- There is no bubble from collars. 
We have 

Theorem 1.12. Let /o be the generalized limit of fk- Then 



where f^, ■ ■ ■ , are all of the non-trivial bubbles. 

Put Theorem I1.1UHT.12I together, we get the main theorem of this paper, which is a precise 
version of Theorem 11.51 

Theorem 1.13. Let be a sequence of surfaces immersed in M" with bounded Willmore 
functional. Assume giTik) = g. Then we can decompose into finite parts: 

m 

Sfc = J4, s^ns, =0, 
■t=i 

and find G S^, G R, such that converges locally in the sense of varifolds to a 

k 

complete branched immersed surface with 

^ / Kj,.^ = 2vr(2 - 2g), and J2^(^i>o) < 1™ ^(^^O- 



Remark 1.14. Parts of Theorem have appeared in |L-L-Tj . in which we assumed that 

r2,2 , 

conf \ 



{fk} C W^'^JDjW^) and does not converge to a point. 



weak limit of an immersed surface sequence with bounded willmore functional 7 

2. Preliminary 

2.1. Hardy estimate. Let / € wl^j{D,W) with gj = e^^{dx^ ® dx^ + dx^ ® dx^) and 
Jj-f \ Af^ < 47r — (5. / induces a Gauss map 

G{f) = e-^'^ih /\f2)-D^ G(2,n) ^ CP""!. 
Following [MS], we define the map ^>(/) : C ^ CP""^ by 



^^^^ ^"1 G(/)(l) iizeC\D. 



Then $(/) G '^(C, CP"" ^) and «'*(/)(a;) = 0, where uj is the Kahler form of CP"-^ Thus 
by Corollary 3.5.7 in [M-S] . ^'(/) = *^*{f){uj) is in Hardy space, and 

(2.1) \\^{f)\\H<C{6)\\AfU2^i,y 

Note that 

(2.2) ^if)\n = Kje^\ 

If we set that v solves the equation —Av = ^'(/), t^(oo) = 0, then we have 

lbllL«=(R") + l|Vw||L2(]Rn) + ||V^w||il(]Rn) < C||^'(/)||^. 

Noting that u — i" is harmonic on D, we get 

(2.3) \\u\\l^^d^) + \\Vu\\l2^d,) + I1V\|1li(Di) < C(||^'(/)||^ + ||n||iip)). 

3 2 7 

2.2. Gauss-Bonnet formula. Let / e W^^^jrCE, g,W^) with (7j = e'^'^g. Let 7 be a smooth 
curve. On 7, we define 

, du 

(2-4) '^/ = 7^ + ^: 



dn ' ^' 

where n is one of the unit normal field along 7 which is compatible to Kg. By (j2.3p . |^ is 
well-defined. In [K-L| . we proved that u satisfies the weak equation 

-AgU = Kfe^"" - Kg. 

Then, for any domain with smooth boundary, we have the Gauss-Bonnet formula: 

Jan Jn 

2.3. Convergence of / Kf^dfij^. By I^J^ ([22]) and Theorem [Til we have : 

Lemma 2.1. Let f). he a conformal sequence from D into withgf^ = e^"'=(7o and J^l^j^pd^uj < 
7 < 47r, which converges to /o weakly. We assume fo is not a point map, and gf^^ = e^^^g^. 
Then we can find a subsequence, such that 

(2.5) Kfi^dfifi^ ^ Kff^dfiff^ over Di, in distribution, 

and 

Uk uo, in W^''^{Di). 

We will use the following 
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Corollary 2.2. Let he a conformal sequence of D \ Di in M", which converges to /o € 

2 

^c^fiociD \ Di,W). For any t G (1, 1) with dDtOSifk) = 0, we have 



lim / Kf^dsk = Kf^jds, 



0- 



Proof. Take s G (t, 1), such that S{fk) n L>s \ A = 0- Let 5/^ = e^^^^o and 99 G ^^(-Ds), which 
is 1 on Df. Then we have 

-I ^ds = -f S/ukVipda+ [ ^KkC^'^'dnf^, 

JdDt JDs\Dt JDs\Dt 

and the right-hand side will converge to 

— / VuQVipda+ / ifKoe'^'^^dfifg, as A; — )• +00. 

JDs\Dt JDsXDt 



Then we get 



By ([231) we get 

Kq. 



JdDt Jdl 



IdDt JdDt 

□ 



2.4. Removability of singularity. We have the following 

conf,loc\ 



Theorem 2.3. pCX] Suppose that f G W^;^f i^^{D\{0},R'') satisfies 



/ \Af\'^ dfj,g < 00 and fig{D) < 00, 
Jd 

where gij = e^'^Sij is the induced metric. Then f G H^^'^(L',M") and we have 

u{z) = m\og\z\ + uj{z) where m > 0, z e Z, u e nW^''^{D), 
-Au = -2m-K5o + i^ge^" in D. 
The multiplicity of the immersion at /(O) is given by 

6|2(/(/igLA(0)),/(0)) =m+l for any small a > 0. 

Moreover, we have 

(2.6) lim/ Kfdsf = 2Tr(m + l). 

i^OJdDt 

Proof. We only prove (j2.6p . For the proof of other part of the theorem, one can refer to jK-Lj . 
Observe that 

du f du , , f , , 

Kdfi\ 



dDt dr Jan, dr j Ot\D„ 
as t,t' 0. Then lim far^ tt^ exists. 

Since uj G W^'^{Dr), we can find tk G [2-''-\2-''], s.t. 

2-'' 
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which imphes that /^^^ W ^ ^- Then we get J^^^ ^ Inm, which imphes that 



1 I 9u 
hm / > zvrm. 



JdDt 9r 



□ 



Remark 2.4. In the proof of Theorem \2.°A in |K-Lj . we get that 

(2,7) li,„ = 

We give the fohowing definition: 
Definition 2.5. ^ map / G M^^'^(S,M") is called a VF^'^- branched conformal immersion, if 
we can find finitely many points pi, ■■■ , pm, s.t. f G VF^on/.iocC^ \{Pir-- ,Pm}), and 



fj.{f) < +00, J \Af\'^dnf < +00. 



For the behavior at infinity of complete conformally parameterized surfaces, we have the 
following 

Theorem 2.6. Suppose that f G W^;^lj^i^^{C \ Dr,W) with 

/ l^/P djig < oo, 
Jc\Dr 

where gij = e^'^dij is the induced metric. We assume /(C \ D2r) is complete. Then we have 

u{z) = m\og \z\ + u:{z) where m > 0, z G a; G VF^'^(C \ D2b)- 
Moreover, we have 

(2.8) lim / Kfdsf = 2'n{m + l). 

The proof of (j2.8p is similar to that of (|2.6p . Other part of the proof can be found in }M-Sj . 
Though Muller-Sverak's result was stated for smooth surface, it is easy to check that their proof 
also holds for a M^^'^ conformal immersion. 

3. Proof of Theorem 11.71 

We first prove the following 

Lemma 3.1. Suppose {T,,hk) to be smooth Riemann surfaces, where h^ converges to ho in 
Let {A} C W^f^^^^J^,hk,Mn wtth 

Sifk) = {p G S : lim liminf / \Affdfif, > Air} = 0. 

r^O fc^+oo JbApM-)) 

Then f^ converges in wfj^{T,, /io,M") to a point or an /q G W^^^jr ^^^{Tj, /io,M"'). 

Proof. Let gj,. = e^^^/ifc. We only need to prove the following statement: for any p G S, we can 
find a neighborhood V which is independent of {fk}, such that converges weakly to /o in 
W^'^{V,ho). Moreover, \\uk\\Loo(v) < C and only if /o G W^;lf{V,Wy, Ufc — 7- — CX3 uniformly, 
if and only if /q is a point map. 

Now we prove this statement: Given a point p, we choose U^, Uq, t?^, i?o as in the Theorem 
[L2l Set '&%{hk) = e^'"^gQ, where = {dx^Y + {dx^ . We may assume Vk vo in Cf^^{D). 
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Let fk = fki'&k) which is a map from D into M". It is easy to check that fk G VF,X^(L>,M") 
and gf^ = e^^'''^'^'"^ qq. By Theorem 11.11 we can assume that fk converges to /o weakly in 
PF^'^(D3). Moreover, /o is a point when Uk + Vk — oo uniformly on Da, and a conformal 

4 4 

immersion when sup^ \\uk + ^^fc||L°o(i:)3) < +oo. 

Let y = ??o(-Di). Since "i^fc converges to ??o, C for any sufficiently large k and 

fk = fki'&k ) converges to /o = /o(t?o^) weakly in W'^'^{V,ho). Mor cover, /o is a conformal 
immersion when ||M/c||_L°o(y) < C, and a point when Ufc ^ — oo uniformly in V. 

□ 

The proof of Theorem \1.7[ When fk converges to a conformal immersion weakly, the result 
is obvious. Now we assume that fk converges to a point. For this case, \k — > 0. 
Put = IlLzIMl^ s'fc = ^fe^MlM . We have two cases: 

Case 1: diam{f'j^) < C. Letting p in inequality (1.3) in jS] tend to infinity, we get ^i[}^4!m < c 
for any fi > 0, hence we get /u(/^) < C by taking a = diam{f'p,). Then Lemma [3T] shows that 

converges weakly in wf^iY,, ho). Since diam f'^^{'^) = 1, the weak limit is not a point. 
Case 2: diam{f'y,) +oo. We take a point uq G M" and a constant 5 > 0, s.t. 

55(yo)nS'fe = 0, ^k. 

Let / = and 

\y-yor 

f'^ = I{f'k), K = IiK). 
By conformal invariance of Willmore functional [CI |W] , we have 

Since E'^' C i?i(0), also by (1.3) in [S], we get /i(/(') < C. Thus converges weakly in 
Tyfi(S\5(/^')'/^o). 

Next, we prove that f'f! will not converge to a point by assumption. If converges to a point 
in VF^q'^ (S \iS(/^')), then the limit must be 0, for diam {fj^) converges to +oo. By the definition 
of f'f!, we can find a (5o > 0, such that f'f!{j) D Bs^iO, ho) = 0. Thus for any p G 7([0, 1]) \ S{f'f!), 
f'l will not converge to 0. A contradiction. 

Then we only need to prove that converges weakly in W^^^ (S, /io,K"). Let f'^ be the limit 
of f'l- By Theorem[231 f'^ is a branched immersion of E in M". Let 5* = /o^^({0}). By ([Ml, 
<S* is isolate. 

First, we prove that for any J7 CC S \ (5* U5({/^'}), converges weakly in W'^^'^iO., /io,M"): 
Since /q is continuous on J], we may assume dist{0, fQ{il.)) > 6 > 0. Then dist{0, f'i!{Q)) > | 

when /c is sufficiently large. Noting that = jjrf^ + Uo, we get that converges weakly in 

W^''^{n,ho,W). 

Next, we prove that for each p G 5* U 5({/^'}), also converges in a neighborhood of p. 
We use the denotation Uk, Uq, -dk and i^o with 0^(0) = p again. We only need to prove that 
i'k ~ f'k^^k) converges weakly in H^^'^(Di). 

Let gp = e^'^'k{dx^ + dy^). Since G W^onfi^^^) with /^^^ pd^^r, < 47r when r is 
sufficiently small and k sufficiently large, by the arguments in subsection 2.1, we can find a Vk 
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solving the equation 

-A-Ufc = -fC^^e^"^, z e Dr and \\vk\\L°°{Dr) < C- 
Since f, converges to a conformal immersion in D^r \ Di^, by Theorem 11.11 we may assume 
that \\u'j^\\L°°{D2r\Dr) < ^- Then n'^ — i;^ is a harmonic function with \\u'i^ — ffc || loo (91)2^ (^)) < C, 
then we get — Vk{z)\\L°°(D2r{z)) < C hy the Maximum Principle. Thus, ||M';j||L°o{D2r) < 

C, which implies W"^ fl.\\L°^(D2r) ^ ^- equation A/^ = e^'^'^Hp, and the fact that 

We^^'kHpJl^^r).^^) < ell"'felli°%^Ji7^,|2d^^,, we get || V/^||iyi,2(D,) < C. Recalling that 
converges in C^(Dr \ Dz.^, we complete the proof. 

Remark 3.2. In fact, we proved that S* = %. 

4. Analysis of the neck 

For a sequence of conformal immersions from a surface into M" with the conformal class 
divergence, the blowup comes from concentrations and collars. Both cases can be changed into 
a blowup analysis of a conformal immersion sequence of 5"*^ x [0,Tfc] in with +00. So 

we first analyze the blow up procedure on long cylinders without concentrations. 

4.1. Classification of bubbles of a simple sequence over an infinite cylinder. Let 

be an immersion sequence of x [0,T^.] in M" with +00. We say has concentration, 

if we can find a sequence {(^fci^fc)} C S"^ x [OjTfc], such that 

limliminf / \Af^\^d^f^ > 47r. 

We say {fk} is simple if: 

1) fk has no concentration; 

2) fk{S^ X [0, Tfc]) can be extended to a compact closed immersed surface with 

When {fk} is simple, we say /o is a bubble of fk, if we can find a sequence {tk} C [0, Tk] with 

tk +00, and Tk — tk ^ +00, 

such that /o is a generalized limit of fki(),tk + t). If /o is nontrivial, we call it a nontrivial 
bubble. 

For convenience, we call the generalized limit of f{6, t+Tk) and f{9, t) the top and the bottom 
respectively. Note that the top and the bottom are in W^^^j-{S x (— oo,0]) and W^^^jr{S x 
[0,+oo)) respectively. 

Definition 4.1. Let f^ and be two bubbles which are limits of fk{9,t + t^) and fk{G,t + t^) 
respectively. We say these two bubbles are the same, if 

sup \t\ — < +00. 

k 

When f^ and are not the same, we say f^ is in front of f^ (or is behind f^) if t^. < t'j,. 
We say follows f^, if f"^ is behind f^ and there are no non-trivial bubbles between f^ and f"^. 

Obviously, the bubbles in this section must be in W^^^j^{S^ x M), and must be one of the 
following: 
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1) . 52-type, i.e. I{f)iS^ X {±00}) ^ 0; 

2) . Catenoid-type, i.e. /(/°)(S'^ x {±00}) = 0; 

3) . Plain-type, i.e. one and only one of I{f){S^ x {00}), I{f)iS^ x {-00}) is 0, 
where / = yo ^ fiS' x M). 

We give another classification of bubbles: 

Definition 4.2. We call a bubble to be a bubble of 

type Too if diamf^{S^ x {+00}) = +00; type Tq if diamf^{S^ x j+cxo}) = 0; 
type Boo if diamf^{S^ x {—00}) = +00; type Bq if diamf^{S^ x {— cxo}) = 0. 

We say fk has m non-trivial bubbles, if we can not find the (m -|- l)-th non-trivial bubble for 
any subsequence of fk- 



Remark 4.3. Let fo be a bubble. By (122]) and (plSj) . 



lim / Kfo = 2m+7r, and lim / Kp = 2m n 

for some and G Z. Then f^ is trivial implies that Jgi^^Kpdfip = 0. Thus both 5^ 
type of bubbles and catenoid type of bubbles are non-trivial. 

Remark 4.4. It is easy to check that ^(f^) < +00 implies that f^ is a sphere-type bubble and 
is of type {Bo,To). 

Remark 4.5. If f^ is a catenoid-type bubble, then it is of type (Boo, Too); If f^ is a plain-type 
bubble, then it is of type {Boo,To) or {Bo,Too). 

First, we study the case that fk has no bubbles. Basically, we want to show that after scaling, 
the image of fk will converge to a topological disk. 



Lemma 4.6. // fk has no bubbles, then 

diam fk{S^ x {1}) 



diamfk{S^ X {Tfe-l}) 



or -|- 00. 



Proof. Assume this lemma is not true. Then we may assume ^^^^("gi^ ^t^}^!}) ~^ ^ ^ {^i +00) • 
Let \k = diamfk{S^ x {!}). By Theorem l3.H f''^^'^^~-f''^^'^^ converges to f^ weakly in W^^^{S^ x 
(0,-|-cx3)), and /fc(^'*+^fc)~^/*;(0'^fc~i) converges to weakly in W^^^{S^ x (— oo,0)) respectively. 
When diamf^{S^ x {-|-oo}) = 0, we set 6k and tk to be defined by 

6k = diamfkiS' X {tk}) = inf fk{S' x {t}). 

te[i,n-i] 

Obviously, 6k — > 0, and tk — )• +00, Tk — tk ^ +00. fkio,tk) .^jj^ converge to a non-trivial 

bubble. A contradiction. 

When diamf^{S^ x {-|-oo}) = +cxd, we set 5^ and t'^ to be defined by 

6'k = diamfkiS' x {t'J) = sup fk{S' x {t}), 

tG[i,n-i] 

then we can also get a bubble. □ 

Now we assume fk has no bubbles, and cLiam^kiS^x {^i -1}) ~^ +oo- Let Afc = diam fk{S^ x 
{Tk — 1}). The bottom f^ is the weak limit of = • Let (p be the conformal 
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diffeomorphism from D \ {0} to x [0, +oo). Then ocf) \s an immersion of D in M" perhaps 
with branch point 0. Moreover, by the arguments in |C-Lj or in [C], we have 

/^(<^(0))= hm Km fU9,n-t). 

Since diamf'^{S^ x {T^ — 1}) 0, f'^{6,T). — t) converges to a point, then the Hausdorff hmit 
of /^((0,Tfe)) is a branched conformal immersion of D. 

Remark 4.7. In fact, the above results and arguments hold for a sequence {fk} which has nei- 
ther S^-type nor catenoid-type bubbles. 



Next, we show when {fk} has bubbles, how we will find out all of them. We need the following 
simple lemma: 

Lemma 4.8. After passing to a subsequence, we can find = d^ ^ '^k ^ ' ' ' < 4 ~ -^fc' where 
^ < such that 

d\ — — )• +00, i = 1, • • • , / and l Kk = 2mi7T + vr, nii I,, i = 1, ■ ■ ■ ,1 — 1, 

Js^x{di} 



and 



lim 



sup 



^k / ^^k 



< vr. 



Proof. Let A < Armr. We prove the lemma by induction of m. 
We first prove it is true for m = 1. Let 



lim lim / = 2mi7r, lim lim / = 2m2vr, 

t-^+co k^+oo Js^x{t} t-s>+oo fc-s>+oo Js^x{Tk-t} 



where mi and m2 are integers. Thus, we can find T, such that 



x{T} 



Kfc — 2mi7r 



< e, and 



Kk — 2m2TT 



S^x{Tk-T} 



< e 



when k is sufficiently large. Take a to & {T, Tj. — T), such that 

/ |%p<27r, / < 27r. 

By Gauss-Bonnet, 

< / \KfJdf,f^ < \ f \Af,?d^iJ, < TT, Vt E (r,to), 

JS^x\T.t\ ^ Js^x\T.tn] 



S^x{t} Js^x{T} 



/ Kfc - / 

Js^x{t} Js^ 



Kk 



5ix{Tfc~T} 



1 

< - 
- 2 



<TT, yt£{to,Tk-T). 



lS^x[to,n-T] 

Thus, we can take e to be very small so that /^ixit} 7^ ^ivr for any i G Z and t G (T, T^, —T). 

Now, we assume the result is true for m, and prove it is also true for m + 1. We have two 
cases. 
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Case 1, there is a sequence {t^}, such that +00, T^ — tk—^ +00, Jgi^^^^-^ i^k = 2mjfc7r + 7r 
for some ruk & Z. For this case, we let = ^>'^*^*i"^^~^>'^*kfi) converges weakly to /q, 

where = diamfk{S^ x {tfe}). Then by Gauss-Bonnet 



Js^xR ° Js 



K 



'5ix(0,+oo) 



Jo 



+ 



K 



Six (-00,0) 



Jo 



> 27r. 



Thus, /^ixM l^/^P ^ 47r. We can find T, such that 

/ <4(m-l)7r, and [ |% ^ < 4(m - l)7r 

when k is sufficiently large. Thus, we can use induction on [0, tk — T] to get = ^ < < 
• • • < 4 = - and on [tk + T, Tk] to get + T = < ■ ■ ■ < 4 = Tfc. We can set 



r 4 i < r 



d^' i>i 



Then, we complete the proof. 

ci _ fk{t+di,0)-fkidlfi) 



□ 



lim lim 



'Xix-fdl 



lim lim 



T-^+oo k-^+ooJsiy^^al,+T} T-^+00 k-^+oo 751 X {4+1 -T} 



we get 



lim lim 



I 

Js^x[4+T,dl+ 



K 



fk 



0. 



Remark 4.9. In fact, we can get that for any tk < t'^ with 

tk — dk ^ +00, and ^ ^'k ^ +00, 

we have 



lim 



/ 

JS^x[tk,t'^] 



Hence, we get 



Proposition 4.10. Let fk be a simple sequence on X [0,Tk]. Then after passing to a subse- 
quence, fk has finitely many bubbles. Moreover, we have 



lim lim 

fc^+oo Jgi X [T,Tfe-T] 



Js^x[T,Tk-T] ^^-^JS^xM. 



where f^, ■ ■ ■ , /"* are all of the hubbies. 

Next, we prove a property of the order of the bubbles. 

Theorem 4.11. Let f^, be two bubbles. Then 

1). If f^ and are of type Tq and Bq respectively, then there is at least one catenoid-type 
bubble between them. 

If f^ o,i^d are of type T^ and respectively, then there is at least one S^-type bubble 
between f^ and f^. 
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Proof ^) Simnnsp /fc(^-4+*)-A(0.4) ^ fl fk{e,tl+t)-fkio4) _^ .2 

rrooj. L). suppose diam MS^x{tl}) J ' diamMS^x{tl}) J ' 

Let t'j^ be defined by 

(4.1) diamfk{S^ X {t'J) = mi{diam fk{S^ x {t}) : t G [tl + T,tl - T]}, 
where T is sufficiently large. Since is of type Tq and of type Bq, we get 

lim diamf{S^ x {t}) = 0, and lim diamf{S^ x {t}) = 0. 

t— ^+00 t— 00 

Then, we have 

4 - 4 ^ +00, - 4 ^ +00. 

If we set = '^^fam/tfgi x^l"'}^^ ' ^'^^^ -^fc ^^^^ converge to a bubble /' with 
diamf'{S^ x {0}) = inf{diam x {t}) : t G M} = 1. 

Thus, /' is a catenoid type bubble. 
2). If we replace ()4.ip with 

diamfkiS'^ x {4}) = sup{(iiam /fc(S'^ x {t}) : t G [4 + - T]}, 

we will get 2). 

□ 

The structure of the bubble tree of a simple sequence is clear now: The S'^ type bubbles stand 
in a line, with a unique catenoid type bubble between the two neighboring S'^-type bubbles. There 
might exist plain-type bubbles between the neighboring 5^ type and catenoid type bubbles. A Tq 
type bubble must follow a B^o type bubble, and a T^o type bubble must follow a Bq type bubble. 

4.2. Bubble trees for a sequence of immersed D. In this subsection, we will consider a 
conformal immersion sequence fk'-D^ M" with S{fk) = {0}. We assume that fk{D) can be 
extended to a closed embedded surface Sfc with 

f (1 + < A. 

Take and r^, s.t. 

(4.2) / =47r-6, 

and jj^ \Af^\^d^f^, < An — e for any r < r^^ and Dr{z) C Di, where e is sufficiently small. 

We set f'f, = fk{zk + I'kz) — fki^k). Then Di) = for any L. Thus, we can find A^, s.t. 
\ converges weakly to f ^ which is a conformal immersion of C in M". We cah the first 
bubble of fk at the concentration point 0. 

It will be convenient to make a conformal change of the domain. Let (r, 9) be the polar 
coordinates centered at Zk. Let ipk : x M} ^ be the mapping given by 

r = e-\e = 9. 

Then 

iflidx^ (g) dx'^ + dx'^ ® dx"^) = —{dt^ + dO"^). 

Thus fk o ifk can be considered as a conformal immersion of x [0, +00) in M". For simplicity, 
we will also denote fk ° <Pk by fk- 

Set Tk = — logrfc. Similarly to Lemma 14.81 we have 
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Lemma 4.12. There zs = < < s| < • • • < = T^, such that I < ^ and 
/5ix{.»-i,s-^+i)l%l'>4vr; 

Let f1 = fk(0,s\ + t). A generalized limit of is called a bubble with concentration (which 
may be trivial). There are VF'^'^-conformal immersions of x M with finite branch points and 
finite norm of the second fundamental form. However, if we neglect the concentration points, 
we can also define the types of Too, Tq, B^o, and Bq for it. 

Obviously, we can find a T', such that fk is simple on x [s\. + T', s^"^"^ — T']. Note that the 
top of fk on X [s^ + T' , s^^^ — T'] is just a part of a generalized limit of /^^^ and the bottom 
of fk on [si, + T' , s]^^ — T'] is just a part of a generalized limit of fl~^- We call the union 
of nontrivial bubbles of fk on each [s\., s^^^], the generalized limit of and f^ the first level of 
bubble tree. By Proposition 14.10] we have 

lim lim / Kf = Yl 1™ 1™ / 

r^Ok^+ooJ ■ T^+oo fc^+oo y 51 X [s^-T'-T,sJ^+T'+T] *= 

I f 



Y: lim lim / Kf^+y [ Kp, 

where {/■'} are all the bubbles of the first level. 

Next, at each concentration point of {fl}, we get the first level of {/|}. We usually call them 
the second level of bubble trees. Such a construction will stop after finite steps. 

Lemma 4.13. After passing to a subsequence, fk has finitely many non-trivial bubbles. More- 
over, for any r < 1 

liin / KfJnf^= Kfodtifo+y Kpdfip, 

where is the generalized limit of fk, and f^, • • • , are all of the non-trivial bubbles. 

4.3. Immersion sequence of cylinder which is not simple. Now we assume fk is not 
simple on x [0,Tk]. We also assume fk{S^ x [0,Tfc]) can be extended to a closed immersed 
surface with 



/ {1 + \A^f)dfi < A. 



Moreover, we assume fk{t,6) and fk{Tk + t,9) have no concentration. 

Then we still have Lemma [4. 121 The other properties are the same as those of the immersion 
of D. Moreover, we have 



lim / Kf^,dfiff,= / KfBdiifB+ I KfrdfifT + y / Kfzdfifz, 

Jsix[0,Tfc] Jsix[0,+oo) Js^x{-oo,0] ~[Jc 

where ■ ■ ■ , Z™" are all of the nontrivial bubbles. 
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5. Proof of Theorem 11.101 

Since Theorem 1 1 . 1 1 1 can be deduced directly from subsection 4.3, and Theorem 1 1 . 1 2 1 can be 
deduced directly from subsection 4.2, we only prove Theorem 11.101 

Proof of Theorem Take a curve 7^ C Hq \ S{{fk o ipk}) with 7i(0) = pi. We set 

Xi = diam fki^ji), and fl = /fc°'0fc(Pi) ^j^ich is a mapping from Sq into M". It is easy to 

check that fl G WJ^^^^JJ^^rM, M"). 

Given a point p G Eq. We choose Uk, Uq, -dk, i^o as in the Theorem 11.21 Let fl = fH'&k) 
which is a map from D into W^. Let V = 'd{Di). Since converges to 'do, '&k^{V) C Ds for 
any sufficiently large k. 

When p is not a concentration point, by Lemma |2. 11 for any (p with suppip CC V, we have 



(fKfidfifi = / Lp{'dk)K fid^.t^ / Lp{'dQ)Kf, = I (pKfidfip. 

Jk Jk Jjj^ Jk Jk Jjj^ Jo Jy ■'0 ■'0 

1 ¥ 

When p is a concentration point, by Lemma 14.131 we get 



■'j 

where {/j} is the set of nontrivial bubbles of fl at p. 

Next, we consider the convergence of fk at the collars. Let be the intersection of Sq and 
Eq. We set fi = fki'Pk), and 7^ = ^ — T. We may choose T to be sufficiently large such 

that fl{Tl — t, 9) and fli—T^ + t, 6) have no blowup point. Then fl satisfies the conditions in 
subsection 2.4. So the convergence of is clear. Since 

fk = fk°(t>k = fk°i^k° ivk o (t>i) = fki^k ° (t>k)- 

The images of the limit of fli^l —t,9) and fki—T^ +t,6) are parts of the images of /q and /q. 
Then we have 

lim lim / Kf^ = > / Kri' , 

where all /*' are nontrivial bubbles of 

□ 



6. A REMARK ABOUT TRIVIAL BUBBLES 

The methods in section 4 can be also used to find all bubbles with ||^ 11/^2 > eo for a fixed 
eo > 0. We only consider the simple sequence fk on 5"^ x [0, T^] here. 

Let tk be a sequence with tk,Tk — tfc — )■ 00, such that converges to a /o G 

W2'2(5^ X with /yi^jg > eg. Take T, such that js^x[-T,T\ \^h? > i- We consider 

the convergence on 5^ x [0, tk — T] and x [tk + T, T^] respectively. Li this way, we can find 
out all the bubbles. 
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